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Abstract 



We construct dynamics of two-dimensional Young diagrams, which are naturally asso- 
ciated with their grandcanonical ensembles, by allowing the creation and annihilation 
of unit squares located at the boundary of the diagrams. The grandcanonical ensem- 
bles, which were introduced by Vershik 17J, are uniform measures under conditioning 
on their size (or equivalently, area). We then show that, as the averaged size of 
the diagrams diverges, the corresponding height variable converges to a solution of a 
certain non-linear partial differential equation under a proper hydrodynamic scaling. 
Furthermore, the stationary solution of the limit equation is identified with the so- 
called Vershik curve. We discuss both uniform and restricted uniform statistics for 
the Young diagrams. | D | D | D 

1 Introduction 

The asymptotic shapes of two-dimensional random Young diagrams with large size were 
studied by Vershik [17j under several types of statistics including the uniform and restricted 
uniform statistics, which were also called the Bose and Fermi statistics, respectively. To 
each partition p = {pi > P2 ^ ■ ■ ■ ^ ^ 1} of a positive integer n by positive integers 
{Pi}l =1 n — Yll=iPt)-: ^ Young diagram is associated by piling up j sticks of height 1 
and side- length pi, more precisely, the height function of the Young diagram is defined by 



The closure of the interior of its ordinate set is called the Young diagram of the partition p. 
Note that, in most literatures, the figures of Young diagrams are upside-down compared 
with the graph defined by (jl.ip . 

For each fixed n, the uniform statistics (U-statistics in short) fI^ assigns an equal 
probability to each of possible partitions p of n, i.e., to the Young diagrams of area n. The 

Graduate School of Mathematical Sciences, The University of Tokyo, Komaba, Tokyo 153-8914, Japan. 

e-mail: funaki@ms.u-tokyo.ac.jp and sasada@ms.u-tokyo.ac.jp, Fax: -f 81-3-5465-7011. 
Keywords: zero-range process, exclusion process, hydrodynamic limit. Young diagram, Vershik curve. 
Abbreviated title {running head): Hydrodynamic limit for 2D Young diagrams. 
MSG: primary 60K35, secondary 82C22. 

Supported in part by the JSPS Grants (A) 18204007 and 21654021. 



(1.1) 




n > 0. 



restricted uniform statistics (RU-statistics in short) fi^ also assigns an equal probability, 
but restricting to the distinct partitions satisfying q = {qi > q2 > • • • > qj ^ !}• These 
probabilities are called canonical ensembles. Grandcanonical ensembles /U^ and with 
parameter < e < 1 are defined by superposing the canonical ensembles in a similar 
manner known in statistical physics, see ()2.2|) and ()2.9| below. Vershik |17j proved that, 
under the canonical U- and RU-statistics /i^ and (with n = A^^), the law of large 
numbers holds as ^ cxd for the scaled height variable 

(1.2) i,^{u):=^^l;p{Nu), n > 0, 

of the Young diagrams ipp{u) with size (i.e., area) A^^ and for [u) defined similarly, and 
the limit shapes ipu and ipR are given by 

(1.3) ^c/(n) = --log(l-e-"") and V'i?(^^) = ^ log (l + e"^") , n > 0, 

a p 

with a = tt/\/^ and (3 = 7r/\/l2, respectively. These results can be extended to the 
corresponding grandcanonical ensembles fifj and if the averaged size of the diagrams 
is N'^ under these measures. Such types of results are usually called the equivalence of 
ensembles in the context of statistical physics. The corresponding central limit theorem 
and large deviation principle (under canonical ensembles) were shown by Pittel [Hj and 
Dembo et. al. [5], respectively. All these results are at the static level. 

The purpose of this paper is to study and extend these results from a dynamical 
point of view. We will see that, to the grandcanonical U- and RU-statistics, one can 
associate a weakly asymmetric zero-range process pt respectively a weakly asymmetric 
simple exclusion process qt on a set of positive integers with a stochastic reservoir at the 
boundary site {0} in both processes as natural time evolutions of the Young diagrams, or 
more precisely, those of the gradients of their height functions. Then, under the diffusive 
scaling in space and time and choosing the parameter e = e(A'^) of the grandcanonical 
ensembles such that the averaged size of the Young diagrams is A^^, we will derive the 
hydrodynamic equations in the limit and show that the Vershik curves defined by ()1.3p are 
actually unique stationary solutions to the limiting non-linear partial differential equations 
in both cases. 

In Section 2, after defining the ensembles and the corresponding dynamics, we formu- 
late our main theorems, see Theorems 12.11 and 12.21 In Section 3, we study the asymptotic 
behaviors of £{N) as N ^ oo. The weakly asymmetric zero-range process pt with a 
stochastic reservoir at the boundary {0} can be transformed into the weakly asymmetric 
simple exclusion process % on Z without any boundary condition. In Section 4, we study 
such transformations and also those for the limit equations, and give the proof of the main 
theorem for the U-case (i.e. the case corresponding to the U-statistics). The hydrody- 
namic limit for fit is indeed already known [9], and we apply this result for fit- The idea of 
transforming pt into r/t, which is indeed known in the study of particle systems, is useful 
to avoid the difficulty in treating singularities at the boundary u = 0, which appear in 
the limit of tpp (n). The main theorem for the RU-case (i.e. the case corresponding to the 
RU-statistics) is proved in Section 5. Our method is to apply the Hopf-Cole transforma- 
tion for the microscopic process qt, which was originally introduced by Gartner [9j. This 
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transformation linearizes the leading term in the time evolution qt even at the microscopic 
level so that one can avoid to show the one-block and two blocks' estimates, which are 
usually required in the procedure establishing the hydrodynamic limit. The only task left 
is to study the boundary behavior of the transformed process, but a rather simple argu- 
ment leads to the desired ergodic property of our process at the boundary, see Lemma ISTTl 
below. 

The corresponding dynamic fluctuations will be discussed in a separate paper [8j. Our 
dynamics can be interpreted as evolutional models of (non-increasing) interfaces which 
separate it-phases in a zero-temperature two-dimensional Ising model defined on a first 
quadrant, see Spohn and Remark 12.21 below. A randomly growing Young diagram was 
studied by Johansson [10], [TT] in relation to random matrices. See [TJ Section 16.4] for a 
quick review of some related results. 



2 Two-dimensional Young diagrams and main results 

In this section, for U- and RU-statistics individually, we define the grandcanonical and 
canonical ensembles, introduce the corresponding dynamics and then formulate the main 
results concerning the space-time scaling limits for them. Throughout the paper, we 
will use the following notation: Z^- = {0,1,2,...}, N = {1,2,3,...}, M+ = [0, oo) and 
Rl = (0,oo). 

2.1 U-statistics 

For each n G N, we denote by Vn the set of all partitions of n into positive integers, 
that is, the set of all p = (pi)ieN satisfying pi > P2 > • • • > Pi > • • • , Pi G Z_|_ and 
J^ie^Pi — n = 0, we define Vq = {0}, where is a sequence such that Pi = for 

all i G N. We consider p as an infinite sequence by adding infinitely many O's rather than 
a finite sequence as in Section 1. This will be convenient from the point of view of the 
corresponding particle system. The union of Vn is denoted hy V: V = U„gz^P„. The 
sum of piS in p G P is described as n{p): n{p) = X^ieNP*' ^"^^ called the size or area of p. 

For p G "P, we assign a right continuous non-increasing step-function tpp on called 
the height function as follows: 

(2.1) ^p{u)=Y,hu<p,}, WGM+. 

In particular, we always have iljp{u)du = n{p). 

For < e < 1, let be the probability measure on V determined by 

(2.2) = Z^^"^'^' 

where Zu{e) = W^=i{^ — { = S^o?'("')^"'^^(^) ~ tt'^n) the normalizing constant. 
The measure //|; has the property Ai(/|p„(p) = ^[/(p),^ G 7-", where ^f/|-p„ stands for the 
conditional probability of //[^ on Vn and is the uniform probability measure on Vn- 
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The measures fifj and play similar roles to the grandcanonical and canonical ensembles 
in statistical physics, respectively. 

Now, we construct dynamics of two-dimensional Young diagrams, which have fifj as 
their invariant measures. Let Pt = pf = (Pil^jieN be the Markov process on V defined by 
means of the infinitesimal generator -Lg^f/ acting on functions / : 7^ ^ M as 

(2.3) L,,uf{p) = [^lte-i>P.}{/(P^'+) - fiP)} + lte>p.+,}{/(P^'^) - fip)}] , 
where p*'^ = (Pj^)jeN £ are defined by 

[Pi±l ltj = t. 

In (j2.3|) . we regard po = oo. Note that n{pt) and n{pt) := ^{i £ N;pi(t) > 1} change in 
time but always stay finite. It is easy to see that nfj is invariant under such dynamics for 
every < e < 1 by showing that Ylp^v ^e,uf{p)lJ'ir{p) = for a sufficiently wide class of 
functions /. We will think of Pi{t) as the position of the ith particle. The total number 
of particles n{pt) on the region N changes only through the creation and annihilation of 
particles at the boundary site {0}. In fact, the first part in the sum (12. Sp with i = n{p) + 1 
represents that a new particle is provided from the boundary site {0} to the site {1} with 
rate e, while the second part with i = n{p) indicates that a particle at {1} jumps to 
{0} and disappears with rate 1. In other words, a stochastic reservoir is located at the 
boundary site {0} of N. 

For a probability measure u on V and > 1, we denote by the distribution 
on the path space D{M.^,V) of the process pt = p^ with generator N^L^(^]^^^jj, which 
is accelerated by the factor A^^ and the initial measure v. Here, s{N) is defined by the 
relation: 

(2.5) .(^.)[n(p)] =iV2. 

Let Xjj be the function space defined by 

Xu := {tp-.Rl^ M° ;^ G C^,^;' < 0,limV'(u) = oo, lim ^(n) = 0}, 

mJ,0 wtoo 

where '0' = dip/du. With these notations our first main theorem is stated as follows. 
Recall that the scaled height variable tpp (u) is defined by (|1.2|) for p ^V. 

Theorem 2.1. Let {i'^)n>i be a sequence of probability measures onV such that 

(2.6) lim zy^[ sup {u) - i;Q{u)\ > 5] = ^ 

holds for every (5 > 0, < < ui and some function ipQ £ Xij. Then, for every t > 0, 

/•oo /'OO 

(2.7) lim P;^^.[| / f{u)i,^^{u)du- f{u)i,{t,u)du\> 5]=Q 
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holds for every 6 > and f £ Co(M^j_), where Co{W^) is the class of all functions f £ 
C(M^j_) having compact supports in and tp{t,u) is the unique classical solution (in the 
space Xjj) of the non-linear partial differential equation (PDE): 



(2i 



5tV = du 



1 - dui^ 

[tlj{t,-) eXu, t>o, 



+ a 



1 - duip ' 



where dtil^ = dt/j/dt, duip = dtp/du and a = 7r/\/6- 

Remark 2.1. The function tpu defined in (II. 3p is the unique stationary solution in the 
class Xjj of the equation \2. t^) . The curve in the first quadrant of xy -plane determined by 
the equation y = ipu{x) is called the Vershik curve (in U- statistics). 

In this way, the derivation of the Vershik curve is understandable from the dynamical 
point of view. 

Remark 2.2. Spohn discussed in llbX Appendix A] two-dimensional interfacial dynam- 
ics, motivated by the zero-temperature Ising model, under the periodic boundary condition 
with symmetric jump rates and derived the non-linear PDE (|2.8|) with a = under the 
hydrodynamic scaling limit. He studied interfaces having graphical representations as in 
our setting, but not necessarily being monotone. See Section 4j, 13^, ^ for further 
studies. Shlosman JTBj discussed the similarity between the approach from the Young dia- 
grams and the Wulff problem in the Ising model. Aldous and Diaconis |iy used an idea of 
the hydrodynamic limit to give a "soft" proof for the asymptotic behavior of the length of 
the longest increasing subsequence of random permutations. 

Remark 2.3. The large deviation rate function under the canonical ensemble of U- 
statistics /i^} is described in Theorem 1.2 of f^l. We can compute its functional derivative 
and find that it is given by the formula: 

61 _ f'{u) + aip'{u){l - ip'{u)) 
Stpiu) ~ ^p'{u){l-ip'{u)) ■ 

On the other hand, the right hand side of our hydrodynamic equation ()2.8p is equal to 

ilj"{u)-\-a2l;'iu)il-tjj'{u)) 

These formulas have similarity but are not exactly the same. Recall that we discuss the 
dynamics associated with the grandcanonical ensemble. The dynamics for the canonical 
ensemble involve much complexity. 



2.2 RU-statistics 

Denote by Q„ the set of all partitions of n € N into distinct positive integers, that is, the 
set of all q = {qi)i^n G Vn satisfying qi > gj+i if qi > 0. The union of Qn is denoted by Q: 
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Q = U„gz+Qn, where Qq = Vq. Let n{q) be the sum of g^'s in q £ Q. The function ipg on 
M+ is assigned to g G Q by the relation (|2.1|) . 

For < e < 1, let be the probability measure on Q determined by 

(2.9) ^|,(g) = _l-^e«W, geQ, 

where Z^(e)=nr=i(l+e')( = E: 

P:^{n)e"' , PjL{n) — ftQn) is the normalizing constant. 
The conditional measure /^|j|q„ of //^ on Qn coincides with the uniform probability mea- 
sure on Qn- The measures and /i^ are the grandcanonical and canonical ensembles 
in the RU-statistics, respectively. 

Now, we construct the dynamics associated with Let qt = qf = [qi{t))i^f>i be the 
Markov process on Q with the infinitesimal generator L^^n acting on functions / : Q ^ M 
as 

(2.10) L,,^/(g) = [6l|,^_^>,^+i}{/(g^'+)-/(g)} + l|,^>,^^^+io,,^=i|{/(g*'-)-/(g)}], 

where g*'^ G Q are defined by the formula ()2.4p and we regard go = oo. It is easy to see 
that is invariant under such dynamics. Similarly to the U-case, the model defined by 
the generator ()2.10p involves a stochastic reservoir at {0}. The only difference is that the 
creation of a new particle at {1} is allowed if this site is vacant. 

For a probability measure on Q and > 1, we denote by the distribution on 
the path space L'(]R+, Q) of the process qt = q^ with generator A^^L^^^) j:j and the initial 
measure v. Here, e{N) is defined by the relation: 

(2.11) E^^^)[n{p)]=N\ 
Let Xr be the function space defined by 

Xr := {V' : M+ ^ M+;^ G C\-l < < 0,V''(0) = -1/2, lim ^'(u) = 0}. 

Our second main theorem is stated as follows. The scaled height variable ip^ (u) is defined 
by dm for qeQ. 

Theorem 2.2. Let {i''^)n>i be a sequence of probability measures on Q such that 

/•oo 



(2.12) lim / f{u)ij';{u)du- f{u)i^o{u)du\>6]=0 

holds for every 5 > 0, / G Co(K5^) and some function ipQ G Xr. Then, for every t > 0, 

f'oo poo 

(2.13) lim Q^^O / f{u)^^^{u)du- f{u)iP{t,u)du\>6]=0 

^^oo Jo JO 

holds for every 5 > and f G Co(M5]_), where ■ip{t,u) is the unique classical solution (in 
the space Xr) of the non-linear partial differential equation: 

(2.14) J V(0,-) =^o(-), 

^tPitr) eXn, t>0, 

and (5 = -k/^/VI. 
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Remark 2.4. The function tpR defined in (II. 3p is the unique stationary solution in the 
class Xr of the equation \2.14\) - The curve determined by the equation y = '4>r{x) is called 
the Vershik curve (in RU- statistics). 



3 Asymptotic behaviors of £{N) 

Before giving the proof of our main theorems, we study in this section the asymptotic 
behaviors of e{N) defined by ()2.5p and ()2.11|) in U- and RU-statistics, respectively, as 
iV ^ oo. 



3.1 U-statistics 

Let £{N) be defined by the relation (12. 5p . 

Lemma 3.1. We have that £{N) = 1 - a/N + 0(log N/N'^) as N ^ oo. 

Proof. First, we calculate the expected value of the size n{p) oip £ V under the probability 
measure fifj. In fact, 

E,i,[n{p)] = ^^n(p)e"(P) = e(logZ^(e))' 

k=l k=l m=l m=l ^ ' 

The last equality follows from the simple identity X^fcLi ~ ^/{^ ~ fo'^ < z < 1. 
However, the inequality of arithmetic and geometric means and some simple estimations 
prove 

1 1 e(-™+i)/2 

m ~ l + e + e^ -)-...-)- g^-i — rn ' 
and thus, recalling = 7r^/6 and e < 1, we have that 

^ ' m=l ^ ' m=l ^ ' 

Therefore, by (j2.5p . we have for e = e(A^) 

oo ^ oo -| 

(3.1) o<«^-(i--)^A^^<«^-E^ = E- 



m=l m=l 



Since the right hand side tends to as e | 1 (or as N ^ oo), we see that (1 — e)N tends 
to a as — > oo which implies that e = £{N) = 1 — a/N + o{l/N). To derive more precise 
estimate for the error term, we will show that the right hand side of ()3.ip admits a bound: 



oo 



(3-2) E ^ 



N 

m=l 
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with some C > 0. Indeed, once this is shown, the proof of the lemma is concluded. To 
prove (|3.2|) . noting that the function fe{x) := (1 — > 0, is non-increasing, we 

have that 

— ^ /-(I) + / M^)dx = Ml) - loge / —dy 

^ J I J -logs r 

< (1 - e) - loge( - log(-loge)) - loge, 

where the last inequality follows by dividing the integral over [— loge, oo) into the sum of 
those over [—loge, 1] and [1,cxd) and then by estimating the integrands by 1/y and 
respectively. This implies ()3.2p by recalling e = 1 — a/N + o{l/N). □ 



Remark 3.1. A rude version of Hardy-Ramanujan's formula: p{n) = '^Vn 
n — > oo implies that 

^ g\/2737rVH-(loge-i)n 

E,l,[nip)] - gn . 

Since the function f{x) := ^J^J^tii^fx — (loge~"^)x,x > attains its maximal value at 
x(e) = (7r/(\/61oge^^))^, we see that E^s^[n{p)] behaves as x(e) as e | 1 and this shows 
that e{N) ~ 1 - a/N as N ^ oo. 

3.2 RU-statistics 

Let e{N) be defined by the relation (I2TTD . 

Lemma 3.2. We have that e{N) = 1 - P/N + 0{\ogN/N^) as N ^ oo. 
Proof. First, we calculate the expected value of n{p) under 

E,%Hp)] = -4^.5] n(p)e"(P) =e( log Z«(e))' 



oo , 



p 

oo oo 

jmk 

k=l ' " fc=l m=l 

Thus, similarly to the U-case, we have that 



(3.3) E,.Jn{p)] = ^(-ir-^ , = Eo(e) - Se(e), 

m=l 

where So(e) and Se(e) are the sums taken over odd and even numbers, respectively, i.e. 



m=l m=l 



Note that one can change the order of the sum in ()3.3p since the series converges absolutely. 
Now recalhng (3"^ = by (j2.1ip . we have for e = e(A^) 

efN^ = {a^ - (1 - e)2(So(e) + Se(e))} - {a^ - 4(1 - e)2Se(e)}/2. 
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However, since — Sq (e^) + Se(e2) and (1 + e)^ < 4, we have that 

1/3' - (1 - efN^l < - (1 - e)2(So(e) + + - (1 - e')'(So(e') + ^e^))] /2 

<{(!-£)- loge( - log(-loge)) - loge} 
+ { (1 - e^) - 2 log e( - log(-2 log e)) - 2 log e} /2. 

The second inequality is shown in the proof of Lemma 13.11 This first implies that e = 
£{N) = 1 — P/N + o(l) and then completes the proof of the lemma as in the last part of 
the proof of Lemma l3.ll □ 

The precise error estimates in Lemmas 13.11 and 13.21 are only needed in [8] , see Remark 
15.11 below. 

4 Proof of Theorem 12.11 

This section gives the proof of Theorem 12. II for the U-case. In the process pt, the particles 
are distinguished from each other and numbered from the right. However, if we are 
only concerned with the number of particles at each site and define = {S,tix))x£Z+ by 
Ct{x) = tl{i;Pi(t) = x} G Z+ for X G N and ^t(O) = oo, then becomes the weakly 
asymmetric zero-range process on N with the weakly asymmetric stochastic reservoir at 
{0}. We can think of Ct(x) as the (negative) gradient of the height function ijjp^ at u = x 
in the sense that ^t{x) = ippt{x — 1) — ipp^{x). 

Actually, the stochastic reservoir for pt or located at {0} can be removed under a 
simple transformation. Indeed, we transform the process pt into another process fit on Z, 
which is roughly defined as follows: With each p £ V, we associate a family of particles 
located at {i,Pi) in the xy-plane and project them perpendicularly to the line {y = —x} 
rescaled by \/2- Or, one can say that we first rotate the xy-plane by 45 degree to the 
left-handed direction and then project the particles to the x-axis rescaled by \/2- This 
determines a configuration f/ on Z. Such transformation is sometimes used in the study 
of particle systems. As we will see, in the RU-case, one can not find this kind of nice 
transformation which removes the stochastic reservoir. 

4.1 Transformation for the process pt 

We introduce a transformation of our process pt on N to a weakly asymmetric simple ex- 
clusion process fjt on Z mentioned above. Denote by xu the state space of the transformed 
process: 

Xc/ {0,1}^; ^(l-r?(x)) fy(x) < oo}. 

x<0 x>l 

In particular, if f/ G xu^ then there exist x± G Z such that r/(x) = 1 for all x < X- and 
fj{x) = for all X > x-^-. For fj G xu, we assign two functions and on Z by the 
following rule: 

(4.1) C^r(x) =5^(l-f/(z)) and C^ix)= ^ r?(z), x G Z. 

z<x z>x+l 
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By definition, and are monotone non-negative integer-valued functions. Now, we 
construct one-to-one correspondence between xu and V. For fj G xui we assign = 
{Pi)ieN G "P by the following rule: 

where Xi is the unique element of Z which satisfies C^{xi — 1) = i and C^{xi) = i — 1. 
In other words, the family {xjjjgN is determined by numbering the set {x £ Z;^(x) = 1} 
by i G N from the right and = '^{x < Xi;fi{x) = 0}. We can show that the map 
fj ^ p^ is well-defined and also it is a bijection from xu to V. So we denote its inverse 
map by p — > fj^. Note that the origin is determined by the condition C^(0) = C^(0) or 
equivalently tJ{a; < 0; = 0} = jjjx > l;f]{x) = 1}, i.e., the number of empty sites on 
the left to the origin is equal to that of particles on the right to the site 1. 

We now consider the Markov process ijt on xu with the generator L^^u acting on 
functions / : xu ^ K as 

Le,uf{v) = K(x,f?) + c_(x,r?)]{/(r?-'-+i) - f{fj)}, 

where 

(4-2) C+(x, 7?) = l{jj(^)=l^^(^+l)=0}, C-(a^>^) = l{f){a;)=0,f)(x+l)=l}) 



and 



(4.3) f?-'^(z) 



fj{z) if z^x,y, 
f){y) ii z = x, 
^fi{x) ifz = y. 



Note that the relation (^fj (0) = C^{0) is invariant under the transition from t] to rj^'^^^ for 
all X G Z. The following lemma is easy so that the proof is omitted. 

Lemma 4.1. Two processes {pt}t>o and {p^^}t>o have the same distributions on the path 
space D(M+,P). 

For a probability measure v on xu a^id > 1, we denote by the distribution 
on the path space D(M+,X(7) of the process f/^ with generator N'^L^.^^j^-^^jj and the initial 
measure where £{N) is defined by ()2.5p . By Lemma 13.1^ since e(A^) is close to 1 for 
large A^, we can think of the process f]^ as a weakly asymmetric simple exclusion process 
on Z. The hydrodynamic limit of such process is already known. Indeed, let Yu be the 
function space defined by 

/O ;"00 
(1 — p{v))dv = / p{v)dv < oo}. 
oo Jo 

Then, for the scaled empirical measures of the process r/^ defined by 
(4.4) Trf'idv) = lY.f^f^{x)6,/N{dv), t>0,veR, 

we have the following proposition, see Gartner [9]: 
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Proposition 4.2. Let {i' )n>i be a sequence of probability measures on xu such that 



holds for every (5 > 0, (7 G Co(M) and some function pQ £ Yjj. Then, for every t > 0, 



holds for every 5 > and g £ Co(M), where p(t,v) is the unique classical solution of the 
following partial differential equation: 



Kipnis et al. [12] also studied the hydrodynamic limit of weakly asymmetric simple 
exclusion processes under the periodic boundary conditions. 

Remark 4.1. The unique solution of 7| j satisfies that p{t,-) S Yu for all t > if 
Po G Yjj. This fact (except the equality of two integrals in the definition ofYjj) is seen 
by regarding the non-linear PDE (14. 7p as a linear PDE: dtp = d^p + b{t,v)dyp with 
b{t,v) = a{l — 2p{t,v)), in which p{t,v) is considered to be already given, and then by 
relying, for instance, on a probabilistic representation of p{t,v): p{t,v) = E^[pq{xI:^^)] in 
terms of the solution {Xg) = (^s*^)o<s<t of the stochastic differential equation: dXs = 
^/2dBs + h{t — s, Xs)ds, < s < t, Xq = v for each t > 0, where Bg is the one- dimensional 
Brownian motion. The equality of two integrals: f^^{l — p{t,v))dv = p{t,v)dv follows 
directly from the PDE (|4.7p or by taking limits from the microscopic systems. 

Proposition 14.21 is formulated only for the test functions g having compact supports. 
We also need the following asymptotic behaviors of the tails of ir^ . 

Lemma 4.3. Assume that the following two conditions (14. 8p and (14. 9p hold for t = 0. 
Then, for every t > 0, we have that 



(4.5) 




(4.6) 




(4.7) 



dtp = dip + ady (p(l - p)) 
P(0,-) =/Oo(-)- 



(4.8) 




and 




■0 



(4.9) 



for every (5 > 0, where 




= N 2^^^ " n? {x))5^,N(dv), t > 0, ^; E M. 
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Proof. We easily see that (I4.6p holds for a step function g = l[a,b] with — oo<a<6<oo, 
by approximating such g hy a sequence of continuous functions gn S Co(I^) noting that 
< fjt{x), p{t,v) < 1. Moreover, Remark 14.11 implies that both /_^(1 — p{t,v))dv and 
Ik p{t,v)dv are arbitrarily small for large enough K > Thus, to prove (j4.8|) and (|4.9p . 
it is sufficient to show that for every 5 > there exists K > {) such that 



(4.10) hm r^^W^{[K,^))>6]=^, 

N^oo 

and 

(4.11) hm P^^[7rf ((-oo,-ir]) ><5] = 0, 

respectively. We prove (j4.10p only, since the proof of (j4.1ip is similar. To this end, take 
a function Lpi G C^(IK) satisfying that (p'^ > 0, 'pi{v) = 1 for v > 1 and ipi{v) = for 
V <l/2, and set lpk{v) '■= (pi{v/K) for K > 0. Then, 

Jo 

is a martingale and the following two bounds: 

(4.12) 7V^Zj(7v),c/(7r^,V5i<') < llv^'^lloo X |supp ip'^l < H^?'/ ||oo/2if, 
and 

(4.13) Eim^i^K?] < t yKWlo X Isupp ^'k\/N < t y,\\l/2KN, 

hold, where {iT,ip) = f^ip{v)TT{dv) and |supp ip\ stands for the Lebesgue measure of the 
support of ip. Indeed a similar computation is made in the proof of Proposition 15.41 
below. Actually, because of the difference of the generators, the first sums in (j5.7p and 
(15. 8p below should be taken over x G Z rather than x £ N and the second terms do 
not appear in the present setting. Moreover, since (p'j^ > 0, the first sum in (j5.7p is 
bounded from above by the same sum taken e = 1 (because e < 1). However, since 
c+(x, f]) — C-{x, fj) = f]{x) — fi{x + 1), the bound ()4.12p follows by the summation by parts. 
Accordingly, we have 

^f([i^,oo)) < {7r^,PK) < {Tr^,PK)+tyi\\oo/2K + \m^{pK)\. 

Therefore, the condition (14. 8p for t = controls the behavior of (vr^, px) and proves (I4.10p 
with the help of (|i33]) . □ 

Remark 4.2. (1) The condition (14. Sp is equivalent to (14. 6p with g = l[o,oo)- 
(2) The condition (|4.6p can be rewritten into an equivalent form (112])'; which is (|4.6p 
with ir^ , p{t, v) replaced by tt^ , 1 — p{t, v), respectively, and for all g G Co(M). Then the 
condition (j4.9p is equivalent to (|4.6p ^ with g = l(_oo,o]- 
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4.2 Correspondence between two function spaces Xu and Yu 



We study the relationship between two function spaces Xjj and Yu. To each ip £ Xjj, 
one can associate an element p E ![/ in the following manner: First consider a curve 
C^^ = {{u,w);w = tp{u)} in the first quadrant in the plane, and then define a new curve 

C^p^ in the upper half plane by shifting each point {u,w) in C^^ to (u — ip{u),w). The 

(2) 

tilt of the curve with reversed sign defines the function p G Yu. More precisely, for 
ip S Xu, we define the function : ^ M as 

(4.14) G^{u):=u-il}{u). 

By the definition of Xu, is a monotone function and furthermore a bijection from M^j_ 
to M. So, there exists an inverse function of G^. We define a function ^ui'4') : K — > (0, 1) 

as <I>{/(V')(w) = for u G M. Then, we can easily see that ^u{i^) ^Yu. In fact, 

we can show the following proposition. 

Proposition 4.4. The map ^u defines a one-to-one correspondence between Xu and Yu. 

Proof. The inverse map ^u of ^u can be constructed as follows. For p E Yu, we define 
two functions C^" : K ^ M"^ and : R ^ M"^ as 

f'V poo 

(4.15) Civ)-= / il-piv'))dv' and Cp{v)-= / p{v')dv , v G M. 



Note that these functions are macroscopic correspondences to those determined by ()4.ip . 
By the definition of Yu, Cp ^re continuously differentiable monotone functions. 

Moreover, they are bijections from M to M^. So, there exists an inverse function of (^~. 
We define a function ^'[/(p) : ^ as '^u{p){u) = Cp{{Cp y^{u)) for u G M^. Then, 
we can easily see that ^uip) £ Xu- Furthermore, "^u ° = idxu and ^u ° ^c/ = idvu 
hold, which concludes the proof. □ 



4.3 Proof of Theorem EH] 

Step 1. We will show that Theorem 12. 11 for the process pt{= Pt') follows from Proposition 
14.21 for the process f]^ . To this end, we first see that the conditions (14. 5p . (14.811 and 
(j4.9p at t = are reduced from the condition (|2.6p if we define fy and po by f/ = ryP and 
Po = ^c/('0o), respectively. 

Take g G C'fe(I^) satisfying ^(f) = for v < —K and g{v) = c for v > K with 
some > and c G M. We will show the condition ()4.5p for such g; recall Remark 
I4.2l -(ll for t = 0. For a given < 5 < 1, determine iio,Mi > in such a manner that 
^0 = '4'q'^{K + 2) a 1 and ui = '4}q'^{5), respectively. Now we assume the condition 

(4.16) sup \i^^{u)-Mu)\<5, 

nS[no,wi] 

for ij)^ . Then, under this condition, we have that 

(4.17) i;^{u),^Q{u)>K + l, uG(0,uo], 
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since < 6 < I and both functions are non-increasing in n, and 



(4.18) 



^ > «o} = iV<(no) < NiMuo) + 1). 



Thus, under (j4.16p . we have that 



(4.19) 



1 (Pi 



i + l 



N 



N 



i6N 



IH 
N 



IN /Pi \ 



di{p) 



N 



- y 

1 

N ^ 

jeN:fi>tio 



\ Pi ~,NiPi\ 

5(^-V'p(^) 



<i-i{p) 
N 



N 



^o(p)+i?^' 



where di{p) := [J{j < i — l',Pj = Pi} is the discrepancy in the graph of Young diagram ipp{u) 
at u = Pi, and the error term R^^^'^ satisfies that \R^^^^^\ < Ci6 with Ci > 0. Indeed, the 
second equality in (|4.19|) follows from the fact that {x £ Z; ry(a;) = 1} = {pi — i + € N}, 
the third from tp^ (pi/N) = Tpp{pi)/N = — \ — di[p))/N and the fourth from ()4.17p since 
Pi/N < uo implies that pi/N - ippipi/N) < uq - {K + 1) < -K. The term ii^'"^'^ in the 
last line is defined by 



R 



Af,<5,l 



1 



im:^>UQ 



N 



dijp) 
N 



(Pi , ,Pi. 



and admits the bound: 



I E>Af,(5,l| ^ \\9 Woo 



jp Pi 



E 

ieN:§>uo 

< \\g'\\oo-^S{Muo) + l), 



+ 



Mp) 

N 



since the first summand in the above sum is bounded by 5 if uq < Pi/N < ui under the 
condition ()4.16p and is bounded by 25 if pi/N > ui by noting that < 'tj:^{u),jpo{u) < 26 
for u > ui which follows from the monotonicity of these functions, and its second summand 
is bounded by ipp {pi/N—)—ipp {pi/N) which is further bounded by 25 from (j4.16p recalling 
the continuity of ipQ ; we have also used (I4.18P . We can further rewrite the sum in the last 
term of ([il^ as 



1 



N 



E 



{g°G^J'{u)du= / {g o G^J {u)Tpp {u)du. 
Jo 
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Note that, since go G^q(u) = g{u — ipo{u)) = OiftiG (0, uo]) we have dropped the condition 
Pi/N > uq from the summand of the above sums, and, by the same reason, we can replace 
the region of the integral in the last line from [0, oo) to [uq, oo). Consider the error i?^'^'^ 
defined by 



where K is determined in such a manner that {g o G^Q)'(f ) = for v > K. Furthermore, 
by the integration by parts formula, we have that 



This implies the condition ()4.5p for ttq and g G ^(1^(1^) satisfying g{v) = for v < —K 
and g{v) = c for v > K with some K > and c G M. 

The same condition (14. 5|) with ttq , po replaced by ttq,! — po, respectively, and g G 
C^(M) satisfying g{v) = for v > K and g{v) = c for v < —K with some IT > and c G M 
can be shown by symmetry; recall Remark 14. 21 - (2) for t = 0. Indeed, for each p £ V, we 
denote by p = {pi)i£f^ the mirror image of the Young diagram p with the axis of symmetry 
{y = x} in the plane, i.e. pi = '^{j',Pj > i}- Similarly, we denote by ipQ the mirror image 
of the curve Vo with the axis of symmetry {y = x}, i.e. tpoi'^) ■= i^o^i'^)- Then, the 
condition ()2.6p with ijjp , ipQ replaced by ipp , ipo, respectively, is reduced from ()2.6p itself. 
Therefore, if we denote by vfi^ the scaled empirical measure of the configuration f]^ and 
Po the function associated with ipQ by the one-to-one map constructed in Subsection 4.2, 
namely ttq (dv) = jj X^isz V^{x)^j^{dv) and pQ = $[/('0o), then we see that the condition 
()4.5p with ttq , Po replaced by ttq,po, respectively, holds for every 6 > and g G C(J^(K) 
satisfying g{v) = for v < —K and g{v) = c for v > K with some K > and c G M by the 
above mentioned argument. However, since we easily see the relations: f]P{x) = l — fj^^—x) 
and po{u) = ^ — Po{—u), the condition (|4.5p with vr^, po replaced by ttq , l—po, respectively, 
is shown for g G C^(IR) satisfying g{v) = for v > K and g{v) = c for v < —K. 

Step 2. In order to complete the proof of the theorem, it is now sufficient to show that 
(|4.6p in Proposition 14.21 together with the assertions in Lemma 14.31 implies (|2.7p with 
ipt = ^u[pt). The non-linear equation (12. 8p for ipt follows from ()4.7|) for pt- 




which can be bounded as 





Therefore, under the condition (I4.16p . we have shown that 
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Take / G Co(M!lj_) and t > arbitrarily and fix them throughout the rest of the proof. 
Then we have that 



(4-20) r/(-)i^(-)^-=^E^(^) 



where F{u) = f{u')du' and Ct (^) = Cfjti^) defined by (14. Ih . For a given 6 > 0, take 
K > such that 

p—K poo 

(4.21) / {I- p{t,v))dv <5/Q, I p{t,v)dv < 5/6, 



J-oo J K 

and the conditions (|4.1U|) and (j4.1ip hold with 5 replaced by 5/3, recall the proof of Lemma 



Now let us prove that 

(4.22) Jim ^^^[ sup 1^ - r (1 - p{t,v'))dv'\ ><5] = 

holds for every < 9 < 5/3 and v £ Vxfi ■= {v £ M.;\v\ < K + l,v G 6Z}. In fact, since 
C<~(x) is non-decreasing in x, we have that 

(4.23) vrf ((-oo,^; - 9]) < ^ = 7rf {{-oc, x/N]) < nf' {(-oc,v + 9]) 

for X e Z such that \x/N — v\ < 9. However, from ()4.1ip and (14. 6p with g = 1[-K,v±e] and 
5 replaced by 5/3, we have that 

(4.24) lim F^r, ((-cx), v ± 9]) - (1 - p{t, v'))dv'\ > 25/3] = 0. 



— CO 



Moreover, since | £^ (1 - p{t,v'))dv' - £^(1 - p{t,v'))dv'\ < 9, if < 9 < 5/3, (imH 
and ([T^ imply {gS^l)- Since ||F'||oo = ||/||oo < oo, KTIh further shows that 



(4.25) lim ¥^n[ sup 

N^oo x<^Z:\x/N~v\<9 



> s\\f\U 



for every v £ Vxfi if ^ < 9 < 5 /3. 

We now return to the formula (I4.20p and divide it as 

/>oo 

/ f{u)i;^^{u)du=:I^ + 1^ +1^, 
Jo 

where , and are defined as the sums in the right hand side of ()4.20p restricted 
for X < —KN, —KN < x < KN and x > KN , respectively. For the first term , since 
/ G Co(M^j_), we see that /(n) = so that F{u) = for n G [0, mq] with some uq > 0. 
Therefore, choosing 5 > such that 5/3 < uq, (|4.1ip with 5 replaced by 5/3 implies that 

(4.26) hm F^4lf = 0] = l. 
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For the second term by ()4.25p . we can show that 

hm r^Alii' - > 6] = 0, 

where, assuming K/9 G Z for simphcity, 

k=-K/e °° ke<x/N<{k+i)e 
However, by applying (j4.6p with g = '^[ke,(k+i)e) again, we have that 

lim P^^[|/2^-/f|>5]=0, 

where 

K/0-l kg p(k+l)e 



k=~K 

By letting | 0, if converges to 



{l-p{t,v'))dv') / 

, ,,, -oo k 



p{t,v')dv' 

ke 



Ik= [ F{ [ {1- pit,v'))dv')pit,v)dv. 

J-K J-oo 

For the third term , since < < ||F||ooVr^([i^, oo)), we see from (I4.10|) with 5 
replaced by 5/3 that 

hm F^^li' >6\\F\\^/3]=0. 
These computations are now summarized into 

/•oo 

hm F^4\ / f{u)i>^^iu)du -I\>5]=0, 

where 

poo pv 

F{ / {1- p{t,v'))dv')p{t,v)dv. 



oo 
K 



Note that Ik coincides with F( J^^{1 — p{t, v'))dv'^ p{t, v)dv because of (I4.2ip recall- 
ing that (5/3 < uq and the integration over [K, co) in v can be taken small enough if K is 
sufficiently large. However, by the change of variables w = Cpti'^) aiid the integration by 
parts, we have that 

/= / F{C-{v))p{t,v)dv = - / f{u)du--^{v)dv 

oo rw 



Jo 

oo fW ^ 







This completes the proof of Theorem 12.1 



JO 

/•oo 

fiu)C{iCX'(^))du= / f{u)^u{pt)iu)du. 
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5 Proof of Theorem 12.2 



This section gives the proof of Theorem 12.21 for the RU-case, i.e. the case corresponding 
to the restricted uniform statistics. Similarly to the process in the U-case, we consider 
the particle numbers (or the gradient of the height function tpg^) rjt = i'ilt{x))xez+ defined 
by r]t{x) = '^{i;qi{t) = x} £ {0,1} for x G N and ^^^(O) = oo. Note that only 0-1 height 
differences are allowed under the restriction imposed on the Young diagrams q £ Q. Then 
r]t becomes the weakly asymmetric simple exclusion process with the stochastic reservoir 
at {0}, which provides particles into the region N with rate e and absorbs them with rate 
1. Contrarily to the weakly asymmetric simple exclusion process f]t on Z considered in the 
U-case, r]t determines a finite particles' system on N. 

In the RU-case, one does not have a nice transformation for rjt, which removes the 
stochastic reservoir as in the U-case. We will apply the Hopf-Cole transformation for ijt at 
the microscopic level, which linearizes the leading term, and study the boundary behavior 
of the transformed process. 

5.1 The process rjt 

Denote by XR ttie state space of the process r]t defined from qt: 

XR:={r?e{0,lf < oo}. 

2,-eN 

We have a one-to-one correspondence between XR ^^nd Q. Indeed, for rj € xRj we assign 
q^ £ Qhy the following rule: 

q^ = min{x € ri{y) < i — 1}, i E N. 

y>x+l 

In other words, {qi}i£N is determined by numbering the set {x G N; r]{x) = 1} from the 
right and, if i is larger than the cardinality of this set, we define q^ = 0. We can show 
that the map ry — > is well-defined and also it is a bijection from XR to Q. So we denote 
its inverse map by q — > r/"?. 

We now consider the Markov process rjt on XR with the generator L^,/? acting on 
functions / : XR — > K as 

Z,,K/(7?)=L^,^/(,?)+L^,^/(r?), 

where 

LUfiv) = E + C-(x,,7)]{/(r?-'-+i) - /(r?)} 

xeN 

and 

Ll^^firj) = [el{,(i)=o} + l{,(i)=i}]{/(^') - fm 
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are the interior and boundary terms of the generator, respectively, c+(x, 77), c_ (x, ry) and 
j^x,y g^j^g defined by (|4.2|) . (j4.3|) with fy replaced by r/, respectively, and 



r]{z) if 2 / 1, 

1-77(1) ifz = l. 



The following lemma is easy so that the proof is omitted. 

Lemma 5.1. Two processes {qt}t>o oind {(7''*}t>o have the same distributions on Q). 

For a probability measure v on XR ^-nd > 1, we denote by the distribution on 
-D(M+,Xi?) of the process r]^ with generator -/V^-^^e(Ar),_R and the initial measure where 
e{N) is defined by ()2.1ip . Let us define the scaled empirical measures Tr^{dv),t > 0,w G 
of the process by the formula (j4.4p with f/^ replaced by r/^ and the sum taken 
over all X G N rather than x G Z. 

The hydrodynamic limit for a boundary driven exclusion process is studied by [6]. 
Our model involves a weak asymmetry both in dynamics and the boundary condition, 
and furthermore it is defined on an infinite volume N. Note that the boundary generator 
^ is invariant under the Bernoulli measure with mean p'' = e/{l + e). This actually 
determines the Dirichlet boundary condition at f = in the limit equation (j5.5|) stated 
below, since /o^ converges to 1/2 as e = £{N) | 1. The hydrodynamic limit for models 
in infinite volume was discussed by several authors including [T3]. It might be possible 
to apply these methods to our model, but we will employ the simplest way based on the 
Hopf-Cole transformation. 



5.2 Hopf-Cole transformation 

In this subsection we introduce the microscopic Hopf-Cole transformation for the process 
ry^ and formulate Theorem l5.2l on its hydrodynamic behavior. Theorem 12 . 2 1 will be shown 
from Theorem 15.21 in Subsection 5.4. 



It is well-known that the (macroscopic) Hopf-Cole transformation: 
oj{t,u) = ex-p{P / pt{v)dv}, G M+ 



allows us to reduce the solution of the viscous Burgers' equation ()5.5p (at least on the 
whole line R) to that of the linear diffusion equation (|5.3p (on M). We introduce the 
corresponding transformation at the microscopic level, cf. [9j. Namely, we consider the 
process Ct^ = (Ct^(x))^eN defined by Ct^(x) := exp { - (loge) Y^"^^^ Vt^ iv)} with e = e{N) 
from the process rj^ and the C(M+)-valued process C'^{t,u),u G by interpolating 
C'^(t,ti) := (Nu) defined for u G N/N in such a manner that 



C^(t, u) := exp 
for u G M+. 



-(logs) \ ^^tiy) + hu>i/N}{[Nu] + 1 - Nu)ii^{[Nu]) 

y=[Nu] + l 
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Theorem 5.2. Let {v^)n>i be a sequence of probability measures on xr such that 
(5.1) lim / g{v)^^{dv)- g{v)po{v)dv\ > 5] = Q 



holds for every 5 > g £ C;,(M+) satisfying g{v) = c for v > K with some K > and 
c G M, and some continuous function po : M+ — > [0, 1] satisfying pQ{v)dv < oo. Then, 
for every T > 0, K > and 6 > 0, 



(5.2) 



lim 



[ sup \C'^{t,u)-uj{t,u)\> 5]=0 



N^oo 0<t<T.O<u<K 



holds, where uj{t,u) is the unique bounded weak solution of the following linear diffusion 
equation: 



(5.3) 



/•oo 

u;(0, u) = exp{/3 / p(){v)dv}, u G M+, 



2duuj{t, 0) + /3u;(t, 0) = 0, t > 0, 
uj{t, oo) = 1, t > 0. 



Namely, for every t > 0, 
(5.4) 



oo j-OO 

g{u)uj{t,u)du = I g{u)uj{<d,u)du 
Jo 

ft fOO 

+ / [g" (u) — j3g' {u))u>{s,u)duds 
Jo Jo 

holds for every g G Co(M+) satisfying 2g'{0) — f3g{0) = and liuiu^ao ^{t,u) = 1. 

The following corollary, which gives the hydro dynamic limit for rj^ , is an immediate 
consequence of Theorem 15.21 and will be used in [8j . 



Corollary 5.3. Under the same assumption as Theorem ] 5.^ 



hm q^4\ I g{vy^{dv) - I g{v)p{t,v)dv\ > S] = 



holds for every t > 0,6 > and g G Co(M^), where p{t,u) is the unique classical solution 
of the following partial differential equation: 



(5.5) 



' dtp = d^p + pd,{p{l- p)), veR+, 
p{0,v) = po{v), veR+, 
_p(t,0) = l/2, t>0. 



5.3 Proof of Theorem [572] 

This subsection proves Theorem 



20 



5.3.1 Uniform estimate on the total mass 

We prepare a proposition which gives a uniform estimate on the scaled total mass of r]^^ . 
For the proof, the conditions ()5.1|) with g = 1 and pQ{v)dv < oo are essential. 

Proposition 5.4. Denote by the process of the total mass of the empirical measure 
ir^ , namely := ;^ X^^-gN ^i^(^) ( = Then, for every T > 0, we have that 



(5.6) 



lim sup 

A^oo 7V>1 



sup Xf > A 



0. 



0<t<T 



Proof. For (p G C|(M5]_), denote by m^^{(p) the martingale defined by 

mf M := (vrf ,(^) - {n^,^) - f N^L,^n)A^'^ ^^)ds. 

Jo 

Then, by a simple computation, we have that 

(5.7) iV2L,(;v),i?(^'^,'/') = N^{ipiix + 1)/N) - ^{x/N)){ec+ix,rj) - c_(x,7?)} 

+ N^{l/N) {el{^(i)=o} - lf,(i)=i}} , 

and 

(5.8) |("^'^('^))* = E(^((^ + 1)/^) - ^{x/N)f{ec^{x,rjn+c.{x,vr)} 

+ ip{l/Nf {el{,iV(i)=o} + l{r,f (1)=!}} > 

for the quadratic variation of (ip), if the right hand sides of these equalities converge 
absolutely. Now take a function ip S C^(M^) such that ip' > 0, ip{u) = for < u < 1 
and p{u) = 1 for u >2. Then, ()5.7p shows that 

similarly to the proof of ()4.12p . Therefore, 

sup (vrf < (7r^,(/j) +T||99"||oo + sup |mf ((/?)| 

0<t<T 0<t<T 

<Xo^ + r||(^"||oo + l+ sup mf(v9)2, 

0<t<T 

where we have estimated the martingale as \m^{(p)\ < m^{(p)'^ + 1. One can apply Doob's 
inequality to show limTv^oo -E'[supo<t<T mf^((^)^] = from (|5.8p . which, in particular, 
proves supjv -E[supo<t<T "it^(¥')^] < oo. Since the assumption of Theorem 15.21 (especially 
()5.ip with g = 1 and the integrability of po) implies that limA^oo supjy [X^ > A) = 0, 
the conclusion of the proposition follows by the inequality: X^ < 2 + (vr^, p). □ 
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5.3.2 Tightness of {C^liv 

Let Pn be the probability distribution of = {(^{t, u)} on D{[0, T],C{R+)), where the 
space C(M+) is endowed with the topology determined by the uniform convergence on 
every compact set of M+ . 

Lemma 5.5. The family of probability measures {Pn}n>i is relatively compact. 

Proof. To conclude the lemma, by Prokhorov's theorem, it suffices to show the following 
three conditions for {Pn}n>i'- 

(i) For every t G [0,T], lim sup Piv[C(t,0) > A] = 0. 

(ii) For every J > and t G [0, T], lim sup Pn[ sup |C(t, u) - C.{t,v)\ > 5] = 0. 

7iO Ar>i |u-d|<7 

(iii) For every 5 > and K > 0, limlimsupPAr[ sup \C{t,u) — ({s,u)\ > 6] = 0. 

7J.O AT^oo |t-s|<7,0<-u<ft' 

By the relation: (^{t,0) = exp{ — {loge)NX[^}, we have that 

PNiC^'it^O) > A] < > logA/C], 

note that there exists C > such that < — loge < C/N for e = e{N) and every A'' > 1. 
Proposition 15.41 proves (i) . 

Since C^(^) ') is a non-increasing function, for every < u < v, we have that 

(5.9) IC"" {t,u) - C''{t,v)\ < C''{t,u) [exp{ - (loge)!^ it,u,v)} - l] 

< C^(t,0) [exp{C/^(t,n,z;)/iV} - l] , 

where 

[Nv] 

/^(t, u, v) := Yl "^t^y) + ([^^] + 1 - Nu)r^t{[Nu]) - {[Nv] + 1 - Nv)r^^ {[Nv]), 

y=[Nu] + l 

which has a trivial bound: {t,u,v) < N{v — u). Therefore, we have that 

(5.10) Pn[ sup |C^(t,n)-C^(t,7;)|>5]<Q^^[e^^"(e^^-l)>5] 

|n— 1;|<7 

= Q^^[Xi^>log(V(e^^-l))/C]. 

Proposition 15.41 concludes (ii) . 

Finally we prove (iii). By the definition of C,^ {t, u) and Proposition 15.41 we only need 
to show that for every > and (5 > 0, 

limlimsupQ^^[ sup |- ^t{^)-^ E > ^1 = 0- 
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Noting that jj YlT=[Nu] i^) = {'^? ^ \u,oo)) + {[^'^])^ consider smooth functions 
(pKiu, •) which approximate the function l^u^^o) as k | such that 

(pK^u, v) = ior V < u — K 

< 4>k{u, v) < 1 for u — K<V<U + K 

4>n{u, v) = 1 iov V >U + K 

4>k{u-, ■) = (t>K.{u + V,- + v) for every u and v. 

In particular, we have that 

Kvrf , (t)n{u, •)) - (vrf , l[n,oo))l < ^ for every u. 

Moreover, ||(/'k||2,oo := sup„{||(/>'^(u, •)||oo + ||0K(^i, OIU} is finite. Now, it is enough to prove 
that for every k, (5 > 0, 

hmhmsupQ^iv[ sup | (vrf , (/)«,(n, •)) - (vrf , (/>K(n, •)) I > f^] = 0. 

7J.O AT^oo \t-s\<-y,K<u<K 

However, the term (vr^, (f)^{u,-)) — (vr^, (j)K{u,-)) is rewritten as 

where rh^ is a martingale which vanishes as goes to 0; recall (I5.8p . On the other hand, 
the absolute value of the integral term is bounded from above by 2 

^II^K 112,00^^^? recall 

(|5.7|) . This concludes the proof of (iii) and therefore the lemma. □ 
5.3.3 Characterization of limit points 

We start with considering a class of martingales associated with {C^}n>i- Let M/^(x), x G 
N, be the martingale defined by 

M/^(x) := Cf (x) - C^ix) - riV2^,(^),R(Cf 

Jo 

Some simple computations permit us to rewrite 

(5.11) 7V2L,(;v),«(Cf (x)) = N'{eC^{x - 1) - (e + l)C^{x) + Cf (x + 1)), 

for every x G N, where we define Ci^(O) := e~^Ci^(2). However, denoting (3{N) := N{1 — 
e{N)) which converges to /? as ^ cxd by Lemma |3.2| the right hand side of (jS.lip can 
be rewritten further as 

N^AC^{x)+NP{N)vC{x), 
where AC = {AC{x))x(zfq and VC = C^Cix))xe'M are defined for C = {C{x))xez+ by 

AC(x) = Cix - 1) - 2C(x) + Cix + 1), VC(x) = C(x) - Cix - 1), 
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respectively. Thus, for every g G Cq(M+), taking account of Ci^(O) = e ^(^{2), we have 
that 



(5.12) / g{u)C^{t,u)du = -Y,Ct''i^)9{x/N)+Rf' 

= ^ E Co''(^)9(^/iV) + /* fc^(Cf , 5)rfs + M/^(5) + i2f , 

where 

(5.13) 6^(C, 9) =^ E A^5(x/iV)C(^) - ^ E V^9(x/iV)C(x) 

xeN xeN 

+ N{g{l/N)Ci2)-g{0)Cil)), 



with 



A^'gix/N) = N^{g{{x + l)/N)+g{{x - l)/N) - 2g{x/N)), 
V^g{x/N) = N{g{{x + 1)/N) - g{x/N)) , x G N, 



and 



The error term in (15.120 is defined by 

i?f = g(n)C^(t,n)dn--j;cf(x)5(x/iV) 



and admits a bound: 

(5.14) < e^^^" |(e^/^ - l) + ^Ik'lloo x |supp g\^ 

in view of ()5.9p and (IS.lOp . Therefore, Proposition 15.41 shows that R^ tends to as 
— > oo in probabihty. 

The martingale term in ()5.12p vanishes in the limit: 
Lemma 5.6. E[MI^ [gf] converges to as N ^ oo. 

Proof. A straightforward computation leads to the following results for the quadratic and 
cross- variations of M^{x): 

|(M^(x))i = Cf (x)2 {aNcix - l,r/f ) + 6^c+(x - l,r?f )} , x>2, 

j^iM^'m = Cf (1)' {aNl{r,^^i)=o} + ^^l{,r(i)=i}} ' 
{M^{x),M^{y))t = 0, l<x^y, 

where aj\[ = N'^{1 — e)^/e, = N'^{1 — e)^. This implies the conclusion of the lemma. □ 
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To treat the boundary term appearing in b^{(, g) (i.e. the third term in the right hand 
side of (|5.13|) ). we need the following ergodic property of the r/-process at the boundary 
site {1}. Note that this ergodic property holds at the single site {1} without taking any 
average over sites near the boundary as performed in [Hj. 



Lemma 5.7. Under the condition (j5.6p in Proposition \ 5.4\ for every < Ti < T2 < T 
and 6 > 0, we have that 



lim Q;^^ 

Proof. Consider the martingale 



T2-T1 



(1) - I 



> 5 



0. 



N 



N 



X, 



N 



By dEZD with = 1, we see that iV2^,(jv),i?,(Xf ) = iV(l - 2r/f (1)) - /3{N){1 - r?f (1)). 
However, since Lemma 13.21 implies < l3{N) = N{1 — £{N)) < C for > 1, this proves 
that 



r {I - 2r^^ {l)}ds 
JTi 



< 1 {Xg + + |mfj + |m^^ I + CT2) 

N\2i 



Thus, the lemma follows from (j5.6p and the estimate: -E[|m^| ] < T, which follows from 
dEH]) with ip = l. □ 

Once the following lemma for the boundary term in b^{(^,g) is established, the weak 
form ()5.4p of the equation ()5.3p is easily derived from ()5.12p . ()5.13p . (I5.14p and Lemma 
15. 6i Thus, the proof of Theorem 15.21 is concluded by the uniqueness of the weak solutions 
of (15. 3p . which will be shown in the next subsection. 



Lemma 5.8. If g € Cq(M+) satisfies the condition 2g'{0) — (3g{0) = 0, then we have that 



hm Q^^ 



T 



iV(5(l/iV)Cf(2) 



> 6 



for every 6 > 0. 

Proof Recalling Cf (2) = ({^ {l)e^^°se)vi'W ^ ^e have that 

N (5(l/iV)Cf (2) - <7(0)Cf (1)) = Ct^(l)(5'(0) - /?9(0)^f (1) + rf ) , 
where the error term is defined by 

:= {N{gil/N) - giO)) - g'iO)} + N{g{l/N) - ^(O)) {e^l^s^)^"^^) - l} 
+ Ng{0) |e(i°s^H'^(i) - 1 + prj^{l)/N^ , 

and tends to as X ^ 00 by Lemma |3.2[ Therefore, by the boundary condition for g, if 
we can show that 

rT 



(5.15) 



lim Q 



N 







Cf(l)(r/f(l)-l/2)dt 



> 5 
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for every 6 > 0, the proof of the lemma is concluded. However, as we have shown in the 
tightness, the process {C^(l)}iv>i has the equi-continuity: 



hm hm sup 

7J.O AT-^OO 



N 



sup |Cf(l)-Cf(l)l>5' 

\t-s\<y 
0<s<t<T 



for every 5' > 0. Therefore, if we divide the interval [0, T] into small subintervals with 
length 7: 



Cf(l)(r?f(l)-l/2)dt 



< 



[Th] 

E 

k=0 



(fe+l)7AT 



Cf(l)(r?f(l)-l/2)dt 



(1) in the integrand is close to Cfc^(l) (if 7 is small enough) and we can apply Lemma [5.7l 
for the integral f^^'^^^"'^'^ {^i]^^ {l) — l/2jdt. In other words, Ct^(l) changes slowly compared 
with the rapid motion of i]^ (1). This proves (15.150 . □ 

Remark 5.1. For g satisfying the same condition as Lemma \5. 81 a stronger assertion: 



hm Q^^ 



NVN{g{l/N)C^{2)-gm?{l))dt 



> 5 







holds for every 5 > even by multiplying an extra factor yN . Indeed, this can he seen 



by noting that the error estimate given in the proof of Lemma 5.7 is 0{1/N) and that in 
Lemma W^ is OilogN/N'^) as N ^ 00. This fact will be used in fS^. 



5.3.4 Uniqueness of weak solutions 

Here, we prove the uniqueness of the weak solutions of (j5.3|) . The method is standard, 
especially because the equation is linear. We first extend the class of test functions g = g{u) 
in the weak form (|5.4|) to the family of all g = g{t,u) G Cq'^([0, T] x M^^) satisfying 
2dug{t, 0) - Pg{t, 0) = for every t £ [0, T], and show that 

(5.16) / g{t^ u)uj{t^ u)du = / ^^(0, w)a;(0, u)du 
Jo Jo 

f't f'QO 

+ / {dsg{s,u) + dlg{s,u) - I3dug{s,u))uj{s,u)duds 
Jo Jo 

holds for every such g and t G [0, T]. Indeed, this can be done by dividing the interval 
[0, t] into small pieces, assuming g to be constant in s on each small interval, applying the 
weak form ()5.4p on each such small interval and finally by passing to the limit. 

Secondly, since the solution lo is assumed to be bounded, we can further extend the 
class of gf's from functions having compact supports in [0, T] x to those having the 
exponentially decaying property as u — > cxd in the sense that supjg[o,T],«eM+{l5(*' + 
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\dtg{t,u)\ + \dug{t,u)\ + \dlgit,u)\}e'''' < oo for some r > 0. Finally, let ip G C^(M+) be 
given arbitrarily and define g = g^ = g{t, u) as the solution of the backward equation: 

dtg + dig - (3dug = 0, t G [0, T), u G M+, 
g{T,u) = ip{u), ueR+, 
[2dug(,t,0)-Pg{t,0)=0, t e [0,T). 

Such g exists and has the exponentially decaying property. By choosing this g in (15.160 
with t = T, we obtain that 



oo /"OO 



(f{u)uj{T,u)du = / gip{0,u)uj{0,u)du, 

^0 

and this concludes the proof of the uniqueness of the weak solutions of ()5.3p . 



5.4 Proof of Theorem 

We will show that Theorem 12 . 21 for the process qt follows from Theorem 15. 21 for the process 
7]t. To this end, we first see that the condition (j5.ip is reduced from the condition (j2.12p 
if we define r] and po hy r) = if and po = ~V'o; respectively. 

For g G C^(M+) satisfying g{v) = for v < 1/K and g{v) = c for v > K with some 
K > 1 and c G M, taking g' as / in ()2.12p . we have that 



oo ;>oo 



lim i^^O / g'{u)i^^{u)du- I g' {u)Mu)du\ > 6] 



.^0 



for every 5 > 0. By the definition, 



/ 

^0 



On the other hand, by the integration by parts formula, 

poo fOO 

g'{u)^o{u)du = - g{v)^'Q{v)dv = / g{v)pQ{v)du. 
Jo Jo 

Therefore, (|5.ip is shown for functions g satisfying the above conditions. However, this can 
be extended to a wider class of functions g G Cfc(M+) satisfying g{v) = c for v > K with 
some K > 1 and c G M, by approximating such 51 by a sequence of continuous functions 
On £ ^"^(1^+) satisfying gniv) = for v < 1/K and g(v) = c for v > K with some K > 1 
and c G M noting that < r]{x),po{v) < 1. 

In order to complete the proof of the theorem, it is now sufficient to show that (15. 2p in 
Theorem 15.21 implies (j2.13p with ^(t, n) = ^logu>{t,u). The non-linear equation (j2.14p for 
^pt follows from ()5.3p for ujf Especially, the boundary condition 2duUj{t,0) + (3uj{t,0) = 
implies that duip{t,0) = —1/2 and uj{t, 00) = 1 implies that ^(t, cx)) = for t > 0. 

Since V'^(n) = ^ log C,^{t, u) + o(l) with an error going to in probability as — > 00 

in view of ()5.9p and (jS.lOp . noting that OL>{t,u), {t,u) > 1, ()5.2|) implies that 



hm Q^^ 

N^oo " 



sup IV'^(m) - '>P{t,u)\ > S 



0<t<T,0<u<K 
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for every T > 0, K > and 5 > 0. This completes the proof of Theorem 12.21 

Acknowledgement The authors thank H. Spohn for leading them to the problems 
discussed in this paper. 
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